An analogue of Hartshorne and Serre problems for 1-convex surfaces  by Van Tan, Vo
Bull. Sci. math. 127 (2002) 37–54
www.elsevier.com/locate/bulsci
An analogue of Hartshorne and Serre problems
for 1-convex surfaces
Vo Van Tan 1
Suffolk University, Department of Mathematics, Beacon Hill, Boston, MA 02114, USA
Received 19 October 2002; accepted 30 October 2002
Abstract
Let C be an elliptic curve and let L ∈ Pic(C). If c1(L) < 0, a well known result of Grauert
tells us that L is rigid. On the other hand, Arnold provided a criterion for the rigidity of L when
c1(L) = 0. However, a concrete example of such a bundle is hard to come by. In this paper, we
construct explicitly such an L which turns out to be the line bundle associated to some toroidal
group C2/Λ, viewed as topologically trivial C∗-bundle over C. This example turns out to be the
counterexample to the following analogue of a problem of Serre for 1-convex surfaces:
Let X be a compactifiable surface such that C-dimHq(X,Ωp) <∞ for all p  0 and q  1. Is X
always 1-convex?
Also a cohomological characterization of toroidal groups of finite type is established, as well as
an analogue of a problem of Hartshorne for 1-convex surfaces will be discussed.
 2002 Éditions scientifiques et médicales Elsevier SAS. All rights reserved.
Résumé
SoitC une courbe elliptique et soit L ∈ Pic(C). Si c1(L) < 0, un résultat de Grauert nous dit que L
est rigide. D’autre part, Arnold donna un critère pour la rigidité de L, lorsque c1(L)= 0. Cependant
il est difficile de trouver un exemple concret de tel genre. Dans cet article, nous allons construire un
tel L, qui est un fibré en droites associé à certain groupe de Cousin C2/Λ, considéré comme C∗-
fibré sur C, topologiquement trivial. Cet exemple est en fait un contre-exemple à un analogue d’un
problème de Serre pour les surfaces 1-convexes :
SoitX une surface compactifiable telle que C-dimHq(X,Ωp) <∞ pour tout p  0 et tout q  1.
Est ce que X est toujours 1-convexe ?
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Aussi, une caractérisation des groupes de Cousin de type fini est établie, ainsi qu’un analogue d’un
problème de Hartshorne pour les surfaces 1-convexes sera discuté.
 2002 Éditions scientifiques et médicales Elsevier SAS. Tous droits réservés.
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Throughout this paper, 2-dimensional C-analytic manifolds will be referred to simply
as surfaces; on the other hand C-analytic subvarieties of pure C-dimension one will be
referred to as curves. All the technical definitions and notations can be found in Section 2.
1. The main problems
In this section, we shall consider the following situation:
(♣) Let M be a compact surface, let Θ be a compact C-analytic subvariety in M and let
X :=M\Θ .
Then the following results are well known.
Proposition 1.1.
(A) If X is Stein then Hq(X,Ωp)= 0 for any p  0 and q > 0.
(B) If X is 1-convex then hp,q(X) := dimC Hq(X,Ωp) <∞ for any p  0 and q > 0.
Proposition 1.2. Assume furthermore that Θ ∼= Γ , a connected curve.
(A) If X is Stein, then
(a) Γ 2  0, and
(b) X is free of compact curves.
(B) If X is 1-convex, then
(a) Γ 2  0, and
(b) X contains only finitely many compact curves, say {Σi} such that the intersection
matrix (Σi,j ) is negative definite where Σi,j :=Σi.Σj .
In [5], Hartshorne raised the following
Problem H. Does the converse of Proposition 1.2(A) hold?
Inspired by a question raised by Serre [24] we consider the following
Problem S. Does the converse of Proposition 1.1(A) hold?
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Now in analogy with Stein cases, it is natural to raise the following
Problem H′. Does the converse to Proposition 1.2(B) hold?
Problem (S′). Does the converse to Proposition 1.1(B) hold?
Our main purpose here is to investigate the Problems H′ and S′; therefore a quick review
of the results on Problems H and S given in [31] is in order.
Remark 1.3. Certainly Problem H is always true if one replaces condition (a) by
(a′) Γ 2 > 0
in which case, it follows readily thatX is affine, hence Stein. Therefore, the only interesting
case is the one in which Γ 2 = 0. However in [1] (see also [9]) Arnold exhibited a
(nonminimal) rational surface M carrying an irreducible compact curve Γ such that
Γ 2 = 0 and X is free of compact curves, yet X is not Stein, by virtue of an argument due
to Ogus [22] (p. 223). Therefore from now on all surfaces (compact or not) are assumed to
be minimal, i.e., free of exceptional compact curves of the first kind [6]. A first attempt to
solve this problem was initiated by Umemura [26] who considered the following situation:
Let E be a rank 2 holomorphic bundle over some smooth compact curve C, of genus
g, which is a nontrivial extension of the structure sheaf OC by itself, namely one has the
following exact sequence
0→OC → E→OC → 0
determined by a nonzero element ζ ∈H 1(C,OC). Now let Γ be the canonical section of
Mg := P(E) and let Φ :H 1(C,OC)→H 1(C,OC)/H 1(C,Z) be the canonical map. Then
one can check easily that Γ 2 = 0 and Hg := Mg\Γ is free of compact curves. In this
setting, he proved that Hg is Stein under an additional assumption, namely
the image of Cζ by Φ is compact ()
whereCζ is the linear subspace of H 1(C,OC) generated by ζ . Certainly () automatically
satisfies if g = 1 and one recovers the famous construction due to Serre [23] which was the
main motivation behind Problem H.
Finally due to a deep result by Ueda [25], details of which were developed by
Neeman [21], we succeeded to remove the additional assumption () and obtained the
following classification.
Theorem 1.4 [31]. Let M , X and Γ be as in Proposition 1.2. Assume that M is a ruled
surface.
Then X is Stein iff one of the following cases occur
(a) X is affine, or
(b) M ∼= P(V) where V is an indecomposable rank 2 holomorphic bundle on some
smooth compact curve C such that the first Chern class c1(det V) = 0 and Γ ∼= the
canonical section of M .
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On the other hand, in [8] the following important result was established
Theorem 1.5. Let M , X and Θ be as in situation (♣). Assume that X is Stein. Then M is
either
(a) algebraic, or
(b) a(M) := the algebraic dimension of M = 0 and its first Betti number b1(M)= 1.
Interestingly, it was shown in [8] that the alternative (b) indeed occurred (see Remark 2.8
below).
Motivated by this result, in this direction, we have [31]
Theorem 1.6. Let M , X and Γ be as in Proposition 1.2. Asssume that M is a nonalgebraic
compact surface. Then X is Stein iff one of the following cases occurs
(a) M is a nonelliptic Hopf surface of type (I) and Γ ∼= the unique smooth elliptic curve
Θ , or
(b) M is a regular parabolic Inoue surface and Γ ∼= rational cycle consisting of exactly
n components where n= b2(M) 1.
Corollary 1.7. In Theorem 1.6, assume furthermore that Γ is irreducible. Then X is Stein
iff either
(a) X∼=C∗ ×C∗, in particular X has a structure of an affine C-bundle of degree 0 over
some elliptic curve, where C∗ =C\{0}, or
(b) X is biholomorphic to an affine C-bundle Aα over some elliptic curve C∗/〈α〉 with
α ∈ C∗ and 0 < |α| < 1 such that Aα has degree −1 and admits no global holomorphic
sections.
Remark 1.8. (a) Also we exhibit in [31] examples showing that the alternatives in
Theorem 1.6 really occur. Hence from the above results, we see that Problem H above
has a positive answer, provided M is a ruled surface or a nonalgebraic compact surface.
(b) In the other extreme, recently, on the basis of [31] we found a family of compact
surfaces of general type {Mi} each of which carries a compact curve Γi such that (Γi)2 = 0
and Xi :=Mi\Γi are Stein. Details will be published elsewhere.
Remark 1.9. Since dimC X = 2, so Hq(X,Ωp)= 0 if p or q > 2. Furthermore since X is
noncompact, a result of Malgrange [17] tells us that H 2(X,Ωp)= 0. So, for Problem S,
one needs only to assume the vanishing of H 1(X,Ωi) for any i with 0 i  2.
Using Theorems 1.4 and 1.6 as headway, we succeed to establish the following
Theorem 1.10 [31]. Problem S has a positive answer, provided M is a ruled surface or a
nonalgebraic compact surface.
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2. The basic definitions
Definition 2.1 [6]. A (geometric) ruled surface is a compact surface M ∼= P(V) where V
is a rank 2 holomorphic bundle on some smooth compact curve C of genus g.
Let π :=M→C be the natural projection and let e := −c1(detV). Also we will assume
that V is normalized in the sense of Hartshorne [6], i.e., V (after tensoring with some sui-
table line bundle) has a section butH 0(C,V⊗L)= 0 for all line bundles L with c1(L) < 0.
Now let us select a section Ξ ∈ |OM(1)| such that Ξ2 =−e. From now on we shall refer
to Ξ as the canonical section of M .
In the special case where g = 1, M will be referred to as an elliptic ruled surface.
Definition 2.2. A compact surface M is said to be a compactification of some surface X if
there exists a compact C-analytic subvariety Γ in M such that X ∼=M\Γ .
Without any danger of confusion, sometimes we shall refer to the pair (M,Γ ) as a
compactification of X.
Definition 2.3 (see, e.g., [29]). Let X be a surface. Then X is said to be 1-convex if there
exist
(a) a compact C-analytic subvariety S in X;
(b) a smooth and exhaustion function φ :X→R which is strongly plurisubharmonic on
X\S, i.e., the Levi form L(φ)x := −∂∂¯φ(x) > 0 for any x /∈ S.
In the special case where S = ∅, X is said to be Stein.
One can check that [29] X is a 1-convex surface iff X is holomorphically convex and
contains only finitely many compact curves. Also 1-convex surfaces which are not Stein
will be referred to as proper 1-convex surfaces with exceptional set S.
Definition 2.4 ([3] see also [10]). For some fixed integer n  1, α ∈ C with 0 < |α| < 1
and t := (t1, . . . , tn) ∈ Cn, Enoki constructed compact surfaces, denoted by Sn,α,t which
have the following intrinsic properties:
(i) 1= b1(Sn,α,t ) n= b2(Sn,α,t ).
(ii) Each Sn,α,t contains a compact curve, denoted by Dn,α,t with (Dn,α,t )2 = 0.
(iii) An,α,t := Sn,α,t\Dn,α,t has a structure of an affine C-bundle over some elliptic curve
Eα :=C∗/〈α〉.
(iv) An,α,t also admits an algebraic compactification. In fact An,α,t ∼= M\Γ where M ∼=
P(V) is a ruled surface over the elliptic curve C∗/〈α〉 and Γ is a section of M with
Γ 2 = n, and
(v) D1,α,t is a rational curve with exactly one ordinary double point, meanwhile Dn,α,t
for n > 1 is a cycle consisting of exactly n nonsingular rational curves.
From now on Sn,α,t will be referred to as parabolic Inoue surfaces. Furthermore a parabolic
Inoue surface Sn,α,t is called special (resp. regular) if t = 0 (resp. t = 0).
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Definition 2.5 [16]. A compact surface is called a Hopf surface if its universal covering is
biholomorphic to W ∼=C2\{0}. A Hopf surface H is called nonelliptic if a(H)= 0.
Following [16] one has the following important result
Theorem 2.6. Any Hopf surface H admits as its finite unramified covering, a compact
surface Ni ∼=W/{fi}i = 1 or 2, where fi is a contraction
f1(resp. f2) :C2 →C2,
(z,w) → (αmz+ λwm,αw),
(resp. (z,w) → (αz,βw)),
for some positive integer m and α,β ∈ C such that 0 < |α|  |β|< 1. Furthermore H is
nonelliptic iff either
(a) λ = 0, or
(b) αk = βl for any integer k and l ∈ Z∗.
Definition 2.7. A nonelliptic Hopf surface H is said to be of type (I) and is denoted by H1
(resp. of type (II) and is denoted by H2) if H admits a finite unramified covering N ∼=N1
(resp. ∼=N2).
Remarks 2.8. Notice that in view of Theorem 2.6, any nonelliptic Hopf surface is either
of type (I) or (II).
Since the punctured line {w = 0} is invariant under f1, hence its image by ρ1 :W →N1
is a nonsingular elliptic curve Eα ∼= C∗/〈α〉 which is the only compact curve in N1; also
one can check [8] that N1\Eα ∼=C∗ ×C∗.
Similarly, the punctured line {w = 0} (resp. {z = 0}) is invariant under f2, hence its
image by ρ2: W → N2 is a nonsingular elliptic curve Eα (resp. Eβ ∼= C∗/〈β〉) which are
the only compact curves in N2.
Furthermore for any nonelliptic Hopf surface H , its follows from [16] that its
fundamental group π1(H)∼= Z⊕Zm where Zm is a cyclic group of order m.
Examples 2.9. We shall exhibit a series of examples which will be the prototype of our
forthcoming investigations (see also [3,16,30]). We shall adopt the same notations and
conventions as above.




λ/αm if k = 0,∑k
j=1 tj vj−1 if k  1,
and a holomorphic automorphism
gk,α,τ :C×C∗ →C×C∗,
by (u, v) → (vku+ τ,αv).
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Now let Ak,α,τ be the quotient surface C×C∗/〈gk,α,τ 〉. Then one can check that
(a) Ak,α,τ is an affine C-bundle over the elliptic curve Eα :=C∗/〈α〉.
(b) Its linear part L ∼= Ak,α,0 is actually a holomorphic line bundle over Eα such that
c1(L)=−k. Consequently, the nonpositive integer −k will be referred to as the degree of
the affine C-bundle Ak,α,τ .
(2.9.1) Assume that k = 0 and τ = 0 (and hence λ = 0). Then A0,α,τ is a Stein surface.
In fact one can check that g0,α,τ ◦ φ = φ ◦ f1 where the automorphism φ is defined by
φ :C×C∗ →C×C∗,
(z,w) → (u := z/wm, w =: v).
It follows readily that A0,α,τ ∼=N1\Eα ∼=C∗ ×C∗.
(2.9.2) Assume that k = n 1. In fact in this case, An,α,τ are exactly the affineC-bundle
An,α,t alluded to in Definition 2.4. Consequently, in view of property (iv) An,α,τ are Stein
surfaces if τ = 0; meanwhile An,α,0 are proper 1-convex surfaces with exceptional sets
S ∼= Eα and S2 =−n.
(2.9.3) Let X be the quotient surface C×C∗/〈gλ,ε〉 where λ, ε ∈C such that 0 < |λ|
|ε|< 1 and the automorphism gλ,ε is defined by
gλ,ε :C×C∗ →C×C∗,
(z,w) → (λz, εw).
ObviouslyX is neither 1-convex nor Stein; howeverX is weakly pseudoconvex, in the sense
of Nakano, see, e.g., [12], and one can check that X is also holomorphically convex, if (and
only if) X carries a nonconstant global holomorphic function f . On the other hand, as one
will see later that the existence of such a nonconstant holomorphic function is equivalent
to the existence of integers p and q such that λp = εq .
Remarks 2.10. (a) In the special case where n = 1, for any fixed α ∈ C∗, one can show
that A1,α,t ∼= A1,α,s for any s, t ∈ C∗. In fact, in view of (iv) in Definition 2.4, Γ 2 = 1;
since An,α,t does not contain any compact curve, we infer readily that V is necessarily a
rank 2 indecomposable bundle over C∗/〈α〉 with invariant e=−1 and Γ ∼= the canonical
section of M; this is exactly the Stein surfaces alluded to in Corollary 1.7(b).
(b) Consequently, S1,α,t ∼= S1,α,s , for any s, t ∈C∗, a fact which was first pointed out by
Kato [10].
3. The 1-convex case
We are now ready to provide a positive (resp. negative) answer to Problem H′ (resp. S′)
when M is a ruled surface or a nonalgebraic compact surface. Also notice that on the basis
of results in Section 1, we only have to deal with proper 1-convex surfaces, a fact which
we shall assume throughout the rest of this paper. Furthermore, in view of Remark 1.9, for
Problem S′, one needs only to assume that dimC H 1(X,Ωi) <∞ for any i with 0 i  2.
On the basis of main results in [29] we have
44 V. Van Tan / Bull. Sci. math. 127 (2002) 37–54
Theorem 3.1. Problem H′ admits a positive answer.
A precise version of it can be stated as follows.
Theorem 3.2. Let M , X and Γ be as in Proposition 1.2.
(A) Assume that M is a ruled surface.
Then X is a proper 1-convex surface iff M ∼= P(OC ⊕ L) where L is a line bundle
over a smooth compact curve C of genus g  0 with c1(L)=−e < 0, Γ 2 = e > 0 and its
exceptional set S ∼= canonical section of M .
(B) Assume that M is a nonalgebraic compact surface.
Then X is a proper 1-convex surface iff M ∼= Sn,α,0 and Γ ∼=Dn,α,0 and its exceptional
set S ∼=C∗/〈α〉.
Proof. (i) If M ∼= P(OC ⊕ L) where L is a line bundle over some nonsingular compact
curve C such that c1(L) = −e < 0, then it is clear that Ξ := its canonical section (resp.
Σ := its infinite section) is the only compact curve in M with negative intersection number
(resp. the only compact curve in M which is disjoint from Ξ ). Hence X :=M\Σ is a
proper 1-convex surface with exceptional set S ∼=Ξ .
So let us assume that X is a proper 1-convex surface. In view of Theorem 4 in [29] the
existence of the exceptional set S implies that
(a) M ∼= P(OC ⊕L) where L is a line bundle over a smooth compact curve C of genus
g  0 with invariant e=−c1(L) > 0;
(b) S ∼=Ξ the canonical section of M .
As remarked earlier, it follows readily that Γ ∼= Σ necessarily. Consequently Γ 2 =
e > 0.
(ii) Assume that M ∼= Sn,α,0 and Γ ∼=Dn,α,0. Then it follows from properties (iv) and
(v) in Definition 2.4 that X ∼= An,α,0 is a proper 1-convex surface with exceptional set
S ∼=C∗/〈α〉.
So let us assume that X is a proper 1-convex surface. Then it follows from [29] that
a(M)= 0 and b1(M)= 1. On the other hand, from the existence of the exceptional set S,
we infer that the natural map
H 2(M,C)→H 2(S,C)
is a nonzero map since S2 < 0. Consequently n := b2(M) > 0. Hence M is a special
parabolic Inoue surface such that M ∼= Sn,α,0 and Γ ∼= Dn,α,0 and its exceptional set
S ∼=C∗/〈α〉 for some α ∈C∗. ✷
Also let us mention the following useful result:
Proposition 3.3. Let X be the total space of a holomorphic line bundle L over some C-
projective algebraic manifold C and assume that c1(L)= 0. Then H 0(X,OX)= C iff Lk
is not holomorphically trivial for any integer k ∈ Z∗.
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Proof. Assume that Lk is holomorphically trivial, for some integer k. Let σ ∈H 0(C,Lk)
be a nowhere zero global section. Then one can check easily that
f (u) := z|k|/σ (π(u)) for any u ∈X
is indeed a nonconstant holomorphic function on X, where z is a fibre coordinate in L and
π : L→C is the natural projection.
As far as the converse statement is concerned, for simplicity we will restrict ourself to
the special case where C is a compact curve of genus g  0, which is our main focus in
the sequel. Now let us identify C with the zero section Ξ of L and let M ∼= P(E) be a
compactification of L. Certainly deg(E)= 0.
(a) If g = 0, then L is analytically trivial.
(b) Assume that g  1. Since X is not Stein, we infer from [31] that E is decomposable,
namely E ∼=OC ⊕L.
Claim. L is analytically torsion.
Let us assume the contrary. Certainly, L ∼=OC and consequently M contained exactly
2 disjoint sections, namely the zero section Ξ and the infinite section Σ such that
X ∼=M\Σ and Ξ2 =Σ2 = 0. (#)
We infer that Ξ is the only compact curve in X. As noticed earlier (2.9.3), X is weakly
pseudoconvex; therefore the existence of a nonconstant holomorphic function f on X,
will imply that X is holomorphically convex. Consequently X is 1-convex, i.e., necessarily
Ξ2 < 0, contradiction to (#) and our proof is complete. ✷
Complementing Proposition 3.3, let us mention, for the sake of completeness, the
following well known result.
Proposition 3.4. Let X be a 2-dimensional, connected C-abelian Lie group.
(a) X ∼= C2/Λ for some rank 3 lattice Λ in C2 iff X carries a structure of some
topologically trivial C∗-bundle over some elliptic curve E.
(b) Furthermore, in this case H 0(X,OX)= C iff X is not analytically trivial.
Proof. (a) Assume that X ∼= C2/Λ for some rank 3 lattice Λ. It follows from [20]
(corollary to Lemma 10) that X has a structure of a C∗-bundle over some elliptic curve
E. Since X is homogeneous, it follows readily from [19] that X is topologically trivial.
On the other hand if X carries a structure of a topologically trivial C∗-bundle over some
elliptic curveE, it follows from [20] (Proposition 1) that X ∼=C2/Λ for some rank k lattice
Λ with k > 2. Since X is noncompact, necessarily k = 3.
(b) Since Λ is a rank 3 lattice, one can assume that it is a subgroup in C2 generated by
the vectors
(1,0) (0,1) (τ,ω)
which are linearly independent over R.
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Claim. H 0(X,OX)= C iff 1, τ and ω are linearly independent over Q.
Indeed, let g ∈ H 0(X,OX), let f := g ◦ π where π :C2 → C2/Λ is the natural







Assume that amn = 0 for some m,n ∈ Z. Since f is invariant under the group Λ, one has
f (z + τ,w + ω) = f (z,w); hence it follows readily that nτ + mω = k ∈ Z. Hence our
claim will follow.
Now let us define the holomorphic map
Φ :C2 →C∗,
by
(z,w) → exp(2πι(mz+ nw))
and let κ :C2/Λ→C∗ be a holomorphic map such that κ ◦ π =Φ . We infer readily from
our previous claim that the existence of a nonconstant holomorphic function f will imply
that κ is a character. Hence, it follows readily that the following exact sequence
0→E→C2/Λ→C∗ → 0
will split. Hence X is analytically trivial.
Conversely if X ∼= E × C∗, we infer from the natural projection E × C∗ → C∗ the
existence of such a nonconstant holomorphic function on X. ✷
Remark 3.5. The arguments of this proof are valid verbatim for any connected C-abelian
Lie group X ∼=Cn/Λ such that rank Λ= 2n− 1. From Propositions 3.4 and 3.3, we infer
that, for such X, its associated line bundle L is nontorsion, provided H 0(X,OX) = C;
we will see later that the converse is also true. Also the previous results motivated the
following definition.
Definition 3.6 [11,27]. (a) An n-dimensional C-abelian Lie group X is called toroidal iff
H 0(X,OX)=C.
(b) A toroidal group X is called of finite type if dimH 1(X,OX) <∞.
(c) For any C-analytic manifold, let us denote by Pic0(M) be the group of holomorphic
line bundle over M which is topologically trivial.
We are now in a position to provide a counterexample to Problem S′.
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4. The counterexamples
4.1. Counterexample A.2 Let X := C2/Λ be the toroidal group as in Proposition 3.4(b).
As a Real Lie group X is analytically homeomorphic to R×T3, a product of a real line by
a 3-dimensional Real torus.
Since H 0(X,OX)=C, certainly 1, τ and ω are linearly independent over Q.
Hence from now on, let us select
τ := ia and ω := ib where 1> a > b > 0 such that µ := b/a ∈R\Q. (♠)
This type of example was first considered by Cousin [2] and generalised by Morimoto [20]
who completely classified such 2-dimensional C-abelian Lie groups and showed that X is
free of compact curves. For general case, i.e., n 2, a complete characterization of such
Lie groups was carried out by Vogt [27] see also [14]. Certainly X is not 1-convex, in view
of (♠). On the other hand, as pointed out by Malgrange, in his seminal paper [18], the
cohomology groups of X could be non-Hausdorff, an idea which was completely worked
out in details, in any dimension, also by Vogt [28] (see also [15]) from which we deduce
the following result




)= {1 if i = 0,2,2 if i = 1.
Remarks 4.3. (a) As noticed earlier X is a topologically trivial C∗-bundle over the
elliptic curve E := C/〈1, ia〉, consequently its associated line bundle L over E, is also
topologically trivial. Hence we infer readily that X admits an elliptic ruled surface, say
M1 ∼= P(E) with invariant e= 0 as one of its compactification.
(b) On the other hand, one can view X as the the quotient of C∗ × C∗/〈α,β〉 where
α := exp(2πiτ) and β := exp(2πiω). We infer from (♠) that 0 < |α|< |β|< 1.
Since C2\{0} ⊃C∗ ×C∗, it follows readily that X admits a Hopf surface, say (M2,Γ )




where Γ :=M2\X ∼= Γ1 ∪ Γ2 with Γ1 := C∗/〈α〉 and Γ2 := C∗/〈β〉 being the elliptic
curves in M2.
Now, it is obvious that, in view of the linear independency (♠), the equality αk.βl = 1
could occur only when k = l = 0. Hence, we infer that M2 is a nonelliptic Hopf surface of
type (II).
Up to biholomorphisms, Mi , i = 1 or 2 are the only compactifications of X. Indeed, a
more general version can be stated as follows
2 In view of his vast expertise in Lie groups, Prof. Kazama provided us vital references in this subject which
we gratefully acknowledge.
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Proposition 4.4. Let M be a compactification of some 2-dimensional toroidal group X.
Then M is either
(a) a ruled surface P(OC ⊕L) for some L ∈ Pic0(C) such that LOC where C is an
elliptic curve, or
(b) a nonelliptic Hopf surface of type (II).
Proof. Let (M,Γ ), be a compactification of X. In view of Proposition 3.4, X is a
topologically trivial C∗-principal bundle over some elliptic curve C, so let L ∈ Pic0(C)
be its asociated line bundle. It follows from a main result in [4] (proof of Theorem C.II)
that
Γ =Ξ ∪Σ where Ξ and Σ are nonsingular elliptic curves
with Ξ2 =Σ2 = 0. (ˆ)
On the other hand as noticed earlier X is diffeomorphic to R×T3. Therefore
dimR H i(X,R)=
{3 if i = 1,
3 if i = 2,
1 if i = 3.
Consequently, in view of Poincare’s duality, one has
dimR H3(M,Γ ;R)= dimR H 1(M\Γ,R)= 3,
dimR H2(M,Γ ;R)= dimR H 2(M\Γ,R)= 3
and
dimR H1(M,Γ ;R)= dimR H 3(M\Γ,R)= 1.
Now in view of the following exact sequence of homology groups with Real coefficients
→Hk+1(M,Γ )→Hk(Γ )→Hk(M)→Hk(M,Γ )→Hk−1(Γ )→
it follows readily that only 2 possibilities could occur: either (a) b1(M)= b2(M)= 2, or
(b) b1(M)= 1 and b2(M)= 0.
For the first alternative, we infer from [4] (Theorem I(d)) that M is an elliptic ruled
surface P(E). In view of (ˆ), deg(E)= 0. Since the total space of L is not Stein, it follows
readily from [31] that E ∼=OC ⊕ L. Since X is toroidal, it follows from the argument in
Proposition 3.3 that L∼=OC.
As far as the second alternative is concerned, we infer from [4] (Theorem C.II(g)) that
M is a Hopf surface containing 2 smooth elliptic curves say, Γi with i = 1 or 2 such that
Γ = Γ1 ∪Γ2. Since X is free of compact curves, Γi are the only compact curves in M , i.e.,
a(M)= 0. Then an argument in [16] (p. 702) tells us that indeed M is indeed a nonelliptic
Hopf surface of type (II) and our proof is complete. ✷
Remarks 4.5. (a) Since, as notice earlier, the fundamental group of any nonelliptic
surface is abelian, it is interesting to notice that the above alternatives are indeed almost
homogeneous compact surfaces.
(b) Definition: A compact surface M is said to be almost homogeneous if its auto-
morphism group Aut(M) has an open orbit.
Such surfaces are completely classified by Potters, see, e.g., [7] as follows
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(c) Elliptic ruled surfaces with invariant e= 0.
(d) Hopf surfaces with abelian fundamental group.
(c) In Proposition 4.4, if one requires that M is almost homogeneous, then it is quite
simple to rule out the alternatives (a) and (b) in Theorem P.
4.6. Counterexample B. Let C be a smooth elliptic curve, let L ∈ Pic0(C) which is
asymptotically positive in the sense of [13] (see also [12] and Definition 5.5 below) and
let H be the total space of L.
Now let E :=OC⊕L and let M := P(E). Then one can check easily that M is an elliptic
ruled surface with invariant e = 0 and contains exactly 2 disjoint sections: the canonical
section Ξ and the infinite section Σ and H ∼= M\Σ . Furthermore H contains exactly one
compact curve, Ξ and is not 1-convex, as observed in (2.9.3). On the other hand, one has




)= {1 if i = 0 or 2,2 if i = 1.
Proof. From a main result in [12], it follows that
dimC H 1(H,OH)= 1. (*)
Since g = 1 and e = 0, it follows readily that the canonical bundle KM ≡ 0M(−2Σ) [6]





)= 1 if i = 0 or 2. (1)
Now in order to show the second equality, and to simplify the notations, we shall drop the
superscript 1.
Let us consider the following exact sequence
0→ π∗ΩC →ΩM →ΩM/C → 0 (2)
where π : M → C is the natural projection. Since C is an elliptic curve ΩC ∼= OC and
since π is a smooth morphism, we infer that ΩM/C ∼=KM. Therefore (2) gives rise to the
following exact sequence
0→OH →ΩH →OH → 0 on H
which together with (1) will complete our proof. ✷
Remark 4.8. A general version of Theorem 4.7 for asymptotically positive line bundles
over C-torus of any dimension has recently been established in [13]. Also, it is known
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[12], that such bundles are nontorsion. However in contrast with Counterexample A, one
naturally would raise the following
Question 4.9. Do there exist concrete examples of line bundles which are asymptotically
positive?
Is there any connection between the 2 counterexamples?
5. The connections
Our main goal here is to answer the previous Question 4.9. But first of all, we would
like to state the following important result
Theorem 5.1 [28]. Let X be an n-dimensional connected complex abelian Lie group. Then
X ∼= Cn/Λ where Λ is a lattice of rank n +m. Assume that 0 < m < n, then the above







where Ik := a(k × k) unit matrix, R := (R1,R2)= (rij ) a real (n−m)× 2m matrix and
Π := (Im,Ω) a rank 2m lattice in Cm.
Let {γ1, . . . , γ2m} be vectors lattice forming an integral basis for Π . Then the principal
(C∗)n−m-bundle X→ T :=Cm/Π is given by the factor of automorphy
α :Π→ (C∗)n−m (+)
defined by α(γj )= (exp(2πir1j ), . . . , exp(2πir(n−m)j )) with 1 j  2m.
Now in the special case where n = m + 1, the topologically trivial line bundle L ∈
Pic0(T), given by the representation of α :π(T)→ GL(1,C) is exactly the line bundle
associated to the principalC∗-bundleX. In particular X is necessarily topologically trivial,
which we already known through Matsushima Theorem [19]. So from now on, unless the
contrary is explicitly stated, we shall solely focus on the following:
Situation 5.2. Let X ∼= Cn/Λ be an n-dimensional connected, complex abelian Lie group
such that rank Λ= 2n− 1, let L be its associated line bundle and let X be the total space
of L.
Notice in this case the matrix R is nothing but a vector r∼= R2m ∼=Cm. Also from now
on, we shall adhere to the same notations and conventions as above.
Corollary 5.3. Let X and L be as in Situation 5.2. Then X is toroidal iff L is nontorsion.
Proof. From (+) in Theorem 5.1, we infer that, Lk is analytically trivial, for some integer
k iff αk(γj )= 1, for all j , with 1 j  2m; and this is equivalent to kr ∈ Z2m, i.e., iff X
is not toroidal [20]. ✷
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Remark 5.4. We infer from Theorem 5.1 that there exists a one to one correspondence
between L ∈ Pic0(T) and vectors r ∈ Cm ∼= R2m such that L is the associated line bundle
to the topological trivial C∗-bundle X determined by r and T.
In that respect one has
Definition 5.5 [12,13]. (a) Let Li ∈ Pic0(T) with i = 1 or 2 and let ri be the corresponding
vectors in Cm. The invariant distance of Li will be defined as follows
d(L1,L2) :=min
{‖r1 − r2 + γ ‖;γ ∈Π}
where ‖(z1, . . . , zm)‖ :=max |zi |.
The unit element in Pic0(T) corresponding to the vector 0 in Cm will be denoted by 1.
(b) An element L ∈ Pic0(T) is said to be asymptotically positive if
inf
k∈N exp(ka)d(kL,1) > 0 for some a > 0.
Complementing Corollary 5.3, we are now ready to provide a complete answer to
Question 4.9, as follows
Theorem 5.6. Let X, L and X be as in Situation 5.2. Assume that X is toroidal and n= 2.
Then the following conditions are equivalent:
(a) X is of finite type.
(b) L is asymptotically positive.
(c) dimC H 1(X,Ωi)= dimC H 1(X,Ωi)= 1 (resp. 2) if i = 0, or 2 (resp. if i = 1).
Proof. Certainly, in view of Theorem 4.7, (a) or (b) will imply (c). Obviously, (c) implies
(a) or (b); so it remains to establish the equivalence of (a) and (b).






d(kL,1)=min{|kω+ p1τ − p2|(p1,p2) ∈ Z2}. (*)
Assume that (b) holds. Since |m1|< |m|, for any m := (m1,m2) ∈ Z2\{0}, we infer, from
(*) and a main result in [12], the existence of a positive constant C and a ∈N such that for
any q ∈ Z
Km := |m1ω+m2τ − q|>C exp(−a|m|).
Consequently, it follows from a main result in [11,27], that is X of finite type.
On the other hand assume that (a) holds. As previously noticed, there exist constants
C > 0 and α  0 such that
Km > C exp(−α|m|) (**)
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for any m := (m1,m2) ∈ Z2\{0} and any q ∈ Z. Since |m1| + |m2|> |m|, it follows from
(**) that there exists a constant ε > 0 such that
d(kL,1) > ε exp(−α|k|) for any k ∈N.
Now, in Definition 5.5, by choosing a := 2α, one sees immediately thatL is asymptotically
positive. ✷
Remark 5.7. With further technical details, one can show that Theorem 5.6 holds for any












In order to examine the intertwining relationship between the above 2 counterexamples,
we would like to explore the following
Example 5.8. Let X := C2/Λ be the 2-dimensional toroidal group as in Counterexam-
ple A, namely where Λ is a lattice generated by the vectors
e1 := (1,0), e2 := (0,1) and v := (ia, ib)
where µ := b/a is an algebraic number ∈ R\Q.
As previously observed, X has a structure of a C∗-bundle over the elliptic curve
Ea := 〈1, ia〉. Now let La ∈ Pic0(Ea) be its associated line bundle. Then in view of
Theorem 5.6, La is asymptotically positive. However, this last property will be transparent
in view of the intrinsic character of this example, which we shall now expose:
By a change of variables, let us consider the following new basis
e1 := e1 + (b/a)e2 e2 := e2









{|kµ+p1ia − p2|(p1,p2) ∈ Z2}.
Since by hypothesis µ is algebraic, Liouville’s Theorem (see, e.g., [11,27]) tells us that
there exist a constant M > 0 and α ∈N, such that
|kµ− p|>M/|k|α
for any positive integers k and p. Hence, for any positive integer k, one has
d(kLa,1) >M/|k|α (ˆ)
which implies that La is rigid in the sense of Grauert (we refer to [12] §.4, for precise
definitions, references and further discussions on the notion of rigidity); it follows readily
from (ˆ) that La is asymptotically positive.
On the other hand by symmetry, one can view X as a C∗-bundle over the elliptic curve
Eb := 〈1, ib〉. Then one can check that its associated line bundle Lb ∈ Pic0(Eb) inherits
the same properties as La . Obviously La = Lb .
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Question 5.9. Up to a biholomorphism, are 2-dimensional toroidal groups of finite type
and asymptotically positive line bundles over elliptic curves, the only counterexamples for
Problem S′?
Precisely one can formulate:
Problem S′′. Does Problem S′ admit positive answers if M is not a compact surface of
type (a) (resp. of type (b)) of Proposition 4.4?
In fact it is easy to see that the answer is yes for compact surfaces which are
nonalgebraic. The algebraic cases remain to be investigated.
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